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Abstract — Synchronous reluctance machine with a
conventional rotor structure and a 3-phase auxiliary winding
attached to a balanced capacitance for power factor
improvement will find application in high speed , high power
drives. This paper presents an understanding of its operation
using the electromagnetic as well as the electric circuit concepts.
Analytical and simulation results of this machine configuration
show that the torque as well as the power factor performance is
better compared to conventional reluctance machine.
Index Terms: Power factor improvement, Auxiliary winding, Synchronous
Reluctance Machine, Capacitance Injection.
I.

INTRODUCTION

The interest to use synchronous reluctance machine
(Syncrel) for industrial application is at the moment
increasing, because of the fact that this class of machine has
the ability to withstand harsh environment, low inertia, high
power to weight ratio, good acceleration performance and flux
weakening operation [1-3]. These advantages motivated
research on this machine for many decades, and it is now
considered an economic alternative to its counterparts
(Permanent Magnet, Induction Machine, Switched reluctance).
Various research efforts to improve the performance of
this class of machine over the decades have been greatly
focused on the rotor shape variations. This led to the
emergence of the following rotor configurations: 1) Simple
salient structure, 2) Segmented rotor type, 3) Flux barrier type,
4) Transversely laminated and 5) Axially laminated type.
Interestingly, these rotor configurations have gone through
different design refinements to achieve a high saliency ratio
(Ld/Lq) and high Ld-Lq. Some of the achievements on these
rotor variations are reported in [2, 4-8]. Furthermore, as a
build up on the rotor variations and designs, some research
work [6, 9] exploited the advantages of multi-phase
arrangements to develop a high torque performance machine
using 5-phase arrangements rather than the traditional 3-phase.
The torque performance of the 5-phase machine was further
improved by controlling it to utilize the third harmonic
components of current, and with a simple salient rotor
structure a torque improvement of about 10% was reported. It
is, however, not discussed how the power factor of the
machine is improved with this arrangement.
The power factor (PF) can be improved typically by
reactive power compensation through the installation of
capacitor banks; however these capacitor banks have been

found to result in problems particularly when there is a loss of
supply. If these capacitors are series connected and external, it
will ordinarily lower the overall impedance of the machine
which will result in large currents and possibly a negligible
improvement of power factor. On the other hand if it is shunt
connected the power factor of the external supply is improved
rather than the inherent power factor of the machine. Also the
use of either of these methods can cause problem at light load
conditions and relatively expensive switchgear is required to
vary the capacitance value with the load changes [10]. Hence,
these methods do not represent a useful practical method to
improve the power factor of the machine. Techniques
incorporating controlled switch in the stator winding have also
been utilized, however this requires additional filtering since
they were found to generate large harmonic currents in the
machine as well as in the line [11, 12].
This paper then discusses a configuration to improve the
performance of synchronous reluctance machine using a 3phase auxiliary winding and capacitance injection. The
Synchronous reluctance machine is equipped with two 3-phase
stator windings identified as ‘abc’ and ‘xyz’. These two
windings are electrically isolated but magnetically coupled.
The first winding ‘abc’ is attached to the utility supply while
the second winding ’xyz’ is directly connected to a balanced
capacitance both for excitation and power factor improvement.
The conceptual diagram of the machine is as shown in Fig. 1.
This machine will generally find application in the areas
where salient pole synchronous reluctance machine is
required. An example of this is the high power, high speed
drives for petrochemical industry where arcing within the
machine is not allowed [6].
The paper is organized as follows. Section II describes the
principle of operation of this machine using the magnetic field
concepts to describe the torque improvement as a result of the
added winding and capacitance injection. The equivalent
circuit suitable for dynamic, transient and steady state analysis
of the machine was developed in the rotating dq reference
frame in section III. Afterwards, a steady state analysis to
show the power factor improvement, as well as the variation
of the input current and electromagnetic torque of the machine
for different load angles is presented in section IV. The paper
is concluded in section V.

- 1055 -

2π

E = rl ∫ µo g −1 (θ , φr ) Fgt2 (θ )dθ

(5)

0

where g-1(θ,Ør) represent the approximated inverse airgap
length as defined in [1,13]; thus equation (5) resolves to:
n 2
( Fma cos(2δ ) +
(6)
2
2
Fmx cos(2δ − α a ) + Fma Fmx cos(2δ + α a ))]

E = µ oπ rl[m( Fma2 + Fmx2 + Fma Fmx cos α aux ) +

Fig. 1: Synchronous Reluctance machine with Auxiliary winding and
Capacitance injection equivalent circuit analysis
II. PRINCIPLES OF OPERATION

The field approach is used in this paper to present a better
understanding of the machine operation. The conceptual
diagram of the machine is shown in Fig.1.
In the analysis that follows, it is assumed that the windings
are sinusoidally distributed, and only the fundamental
components of the winding distributions and currents are
considered. Likewise, the rotor is assumed to have infinite
permeability.
Given the characteristic of the machine structure under
consideration in this paper, we have two magneto motive force
(MMF) distributions.
If the main winding is excited by a balanced three phase
current [14], then the resulting MMF by the balanced
windings and balanced three phase current is:

Fga = Fma cos( ωst +α − pθ )

(1)

where ωs is the angular frequency of the current in winding
‘abc’, and α is the phase angle of the main current and
Fma=1.5NmIm. Since the second winding ‘xyz’ are
magnetically coupled to the winding ‘abc’, by transformer
action an emf is induced in winding ‘xyz’. Thus, a balanced
three phase current (Ixyz) flows in the winding ‘xyz’. However,
this current is dependent on the size of capacitor attached to
the winding ‘xyz’ and it is expressed as:



Iy = Im sin(ωst +α −αaux −2π / 3)

Iz = Im sin(ωst +α −αaux + 2π / 3)
Ix = Im sin(ωst +α −αaux )

(2)

These set of currents represented in equation (2) will similarly
produce an MMF represented as:
Fgx = Fmx cos( ωst +α −αaux − pθ )
(3)
The rotor under consideration is a reluctance rotor without
winding and does not carry current, then the total airgap
magneto motive force (MMF) Fgt is given as:

Fgt = Fga + Fgx = Fma cos(ωst −α − pθ )+ Fmx cos(ωst −α −αaux − pθ ) (4)
The reluctance rotor is usually designed to ensure a large
variation of airgap permeance with respect to the angular
position. It will develop torque because the magnetic stored
energy changes if the rotor moves with respect to the stator
MMF [13].
The stored energy in the magnetic circuit having a length l
and radius r is given as:

The component parts of equation (6) which is dependent
on the rotor angular position (δ) are the only one that
participates in electromagnetic torque production. The torque
is obtained from the rate of change of stored energy in the
magnetic circuit with respect to the angular position, and is
written as [13, 16]:
dE
(7)
dδ
Consequently, the torque expression for the machine
configuration discussed in this paper is obtained using
equation (7) and written as:
Tav = pr

(

)

Tav = pr µo nrπl  Fma2 sin(2δ ) + Fmx2 sin(2δ − 2αa ) + Fma Fmx sin(2δ +αa ) 



(8)

The first and second components of equation (8) indicate the
torque contribution of the main and the auxiliary winding
respectively, while the third component is the torque
developed as a result of the interaction of the currents of the
two windings.
The torque equation of a conventional Synchronous
reluctance machine is given as [15]:
Trel = pr µo nrπ lFma2 sin(2δ )

(9)

A comparison of equations (8) and (9) shows the torque
improvement to correspond to the sum of the second and third
components of equation (8) thus:

(

)

Tdif = Tav −Trel = pr µo nrπl  Fmx2 sin(2δ − 2αa ) + Fma Fmx sin(2δ +αa ) 



(10)

This torque difference, equation (10), is easily observed to
evolve as a result of the presence of the auxiliary winding with
the capacitance connected to it. With proper design this can be
optimized as a positive torque contribution. The variations of
the torque Tav and Tdif (the improvement) as functions of the
capacitance and load angle are discussed later on in section
IV.
III. EQUIVALENT CIRCUIT ANALYSIS

A. Machine Structure
The conceptual diagram of the machine structure discussed
in this paper is as shown in Fig. 1. The main winding ‘abc’ is
connected to the mains supply while the auxiliary winding
‘xyz’ is connected to a capacitor that is utilized to inject a
leading reactive power into the machine for power factor
improvement. The two windings have the same number of
poles and are sinusoidally distributed.
B. Machine Mathematical Model
The equations that describe the electrical behaviour of the
machine structure are given as:
Vabc = Rs I abc +
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d
dt

λabc

(11)

V xyz = R s I xyz +

d
dt

λ xyz

(12)

where:

Vqd 02 = Rs I qdo 2 +

d λqd 01
dt

− ωλqd 02

(27)

and

λabc = Labc Iabc + Labcxyz I xyz

(13)

λqd 01 = Lqd 01I qd 01 + Lqd 012 I qd 02

(28)

λxyz = Lxyzc I xyz + Lxyzabc Iabc

(14)

λqd 02 = Lqd 021 I qd 01 + Lqd 02 I qd 02

(29)

gives the flux linkages of the windings.
Labc and Lxyz represent the self and mutual inductances of each
of the stator winding, while Labcxyz and Lxyzabc represent the
mutual inductances between the two windings. In matrix
form, we can write

[λs ] = [ Lss ][ I s ]

(15)
T

[λs ] = λa

λb λc λx λy λz 

[ I s ] =  I a

Ib

 Labc
Lss = 
 L xyzabc
where :
Labc

 Laa
=  Lba
 Lca
T
xyzabc

Labcxyz = L

Lab
Lbb
Lcb

Ic

Ix

Iy

(16)

T

I z 

(17)

Labcxyz 
L xyz 

(18)

 Lxx
Lac 

Lbc  ; Lxyz =  Lyx
 Lzx
Lcc 


 Lax

=  Lbx
 Lcx


Lay
Lby
Lcy

Lxy
Lyy
Lzy

Lxz 

Lyz 
Lzz 

Laz 

Lbz 
Lcz 

Fig. 2: DQ equivalent circuit of the machine

(19)

C. Per Phase Equivalent circuit
(20)

Lij = ( µo ×r ×l ) ∫ g−1(φ,θrm )Ni (φ,θrm )Nj (φ,θrm )dφ

(21)

where Ni(ø,θrm,), Nj(ø,θrm) is the winding distribution
functions for windings i and j.
The inductance components of (18)-(20) obtained using
(21) are time varying, thus the voltage equations of (11) and
(12) are time varying and this will actually be complicated to
resolve. Thus using the transformation, and multiplying
equations (11) and (12) by the appropriate transformation
matrix T(θ), we can write

T (θ )Vxyz

dλ
= Rs T (θ ) I abc + T (θ ) abc
dt
d λ xyz
= Rs T (θ ) I xyz + T (θ )
dt

(22)
(23)

and
T (θ )λxyz = T (θ )LabcT (θ )−1T (θ )Iabc + T (θ )LabcxyzT (θ )−1T (θ )I xyz

(24)

T (θ )λxyz = T (θ )LxyzT (θ )−1T (θ )I xyz + T (θ )LxyzabcT (θ )−1T (θ )I abc

(25)

For which equations (22)-(25) can be written as:
d λqd 01
− ωλqd 01
Vqd 01 = Rs I qdo1 +
dt

The complex form of equations (26)-(29) can be
expressed as:
Vqd 01 = Rs I qdo1 +

The self and mutual inductances in (18)-(20) are
evaluated using the method of winding function theory and is
given as

T (θ )Vabc

Based on equations (26)-(29), the dq equivalent circuit of Fig.
2 is suggested.

(26)

Vqd 02 = Rs I qdo 2 +

d λqd 01
dt
d λqd 01
dt

− jωλqd 01

(30)

− jωλqd 02

(31)

and

λqd 01 = L1 Iqd 01 + Lm I qd 02

(32)

λqd 02 = Lm I qd 01 + L2 I qd 02

(33)

Under the steady state condition, the state derivatives of
equations (30), (31) are set equal to zero; thus substituting
(32), (33) into (30), (31), the resulting steady state equation is
given by:
Vqd 01 = R1I qdo1 + jω ( L1 − Lm ) I qdo1 + jω Lm (I qdo1 + I qdo 2 )

(34)

Vqd 02 = R2 I qdo2 + jω( L2 − Lm ) Iqdo2 + jω Lm ( I qdo1 + Iqdo2 )

(35)

Applying appropriate transformations to equations (34)
and (35), per phase equivalent equations of the machine can be
written as:
Va = R1 Ia + jω Ll1I a + jω Lm ( I a + I x )

(36)

Vx = R2 I x + jω Ll1 I x + jω Lm ( I a + I x )

(37)

From which we can draw the steady state per phase equivalent
circuit of the machine as:
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Fig. 3: Per phase steady state equivalent circuit

In view of the fact that the auxiliary winding ‘xyz’ is
attached to a balanced capacitor as indicated in the conceptual
diagram of Fig. 1, the per phase equivalent circuit is then
drawn to include the capacitance Ci attached to winding ‘xyz’
as shown in Fig. 4.
This per phase representation suffices to study the use of
solid state excitation/ PWM inverter for the capacitance
injection particularly when the PWM is controlled to pass only
reactive power [6].
IV.

Fig. 5: Plot of the imaginary part of total impedance versus capacitance at
different δ.

X a X c2 + ((1 − k 2 )( X b2 − X a2 ) − X a2 − X b2 ) X c + R2 X a +
(1 − k 2 )( X a3 − X a X b − 2RX a X b + 2 X a X b2 ) = 0

STEADY STATE ANALYSIS

The resulting per phase equivalent circuit of Fig. 4 is used
here to examine the performance characteristics of the
machine.

(43)

Equation (43) can be compared to a quadratic equation of the
form:
(44)

a X c2 + b X c + c = 0

where
a = Xa

(45)

b = ((1 − k 2 )( X b2 − X a2 ) − X a2 − X b2 )
2

2

3
a

c = R X a + (1 − k )( X − X a X b − 2 R X a X b + 2 X a X
Fig. 4: Per phase equivalent circuit with the capacitance

The machine when viewed from the main winding presents
the total input impedance ZT that is expressed as:
ZT = ( ( R + jXl1 ) +( Xm //(R + j(Xl2 − Xc )) )

(38)

where X l 1 = X l 2 = X 1 − X m = X 1 (1 − k ) and k is the coefficient
of coupling. Hence, the total impedance can be written as:
jkX × ( R + jX (1 − k ) − jX c ) 
ZT = ( R + jX (1 − k )) +
jkX + R + jX (1 − k ) − jX c  (39)

= Req + jX eq

The synchronous impedance of the kind of machine discussed
in this work is expressed as [1]:
X = 12 ( X d + X q ) + 12 ( X d − Xq )e j 2δ

(40)

This is written for simplicity of analysis as:

X = X a + jX b

(41)

At a specific load angle δ, the circuit of Fig. 4 will operate at
unity power factor only when the imaginary part of the total
input impedance (ZT) becomes zero. Using (41) in (39), the
imaginary part of the input impedance (ZT) is obtained as:
ImagZT =

(2RXa −RXc + Xb Xc −2Xa Xb (1−k2))(R− Xb)−(R2 −2RXb + Xa Xc −(Xa2 + Xb2)(1−k2))
(R− Xb)2 +(Xa − Xc )2

(42)

In order to achieve unity power factor, equation (42) is set to
zero to obtain:

2
b

and a, b, c are constants at a given load angle.
This equation will have a solution for Xc only if b 2 − 4 ac ≥ 0 .
From equations (39) and (43), the possibility of unity power
factor is examined. The variation of the imaginary part of ZT
with the capacitance for different load angles is evaluated and
plotted in Fig. 5. The possibility of unity power factor is
observed for the different load angles considered. This
additionally indicates that for a typical Synchronous
reluctance using the arrangement discussed in this paper, unity
power factor is possible over a wide range of load angle.

A. Impact of the Scheme on Power Factor
For a conventional synchronous reluctance machine with
the same machine size and saliency ratio as that of the
modified machine discussed in this paper, the power factor is
evaluated to be 0.76. However, with the auxiliary winding
attached to a balanced capacitance, the power factor (PF) of
the modified machine can easily be controlled for different
load situations, and it is evaluated using:
R eq
cos ϕ =
(46)
2
R e q + X e2q
Figs. 6, 7, and 8 shows the plots of the power factor of the
modified machine as function of capacitance and load angle,
while Fig. 9 and 10 show respectively the plots of the main
winding current versus the power factor angle and a contour
plot of the main winding currents as a function of capacitance
and load angle.
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These figures clearly illustrate the possibility of operating this
machine at unity power factor for different load angles as well
as capacitance values. The figures also further illustrate that
unlike the conventional synchronous reluctance machine, the
modified machine has a relatively high power factor over a
wide range of load angles. This is due to the presence of the
auxiliary winding and the capacitance injected which
influences the current to either leading or lagging. It is also
evident from Fig. 9 and 10 that the points where high power
factor are possible for different load angles correspond to the
points of minimum current in the main winding.

Fig. 6: Plot of PF versus δ at varying capacitance values

B. Impact of the Scheme on Torque
At steady state, the electromagnetic torque (Tem) developed by
the modified machine is evaluated using [3, 14]:
T em =

3V

2

R eq

R e2q + X

2
eq

(49)

The variation of the torque as a function of the capacitance
injected and the load angle is displayed respectively in the
logarithmic plots of Figs. 11 and 12. The torque-load angle
curve for the machine with and without the modification is
displayed in Fig.12, while Fig. 13 and 14 gives the change in
torque as a result of the modification carried out on the
machine.
As evident in Fig. 11, the variation of the torque developed
with the capacitance injected in the modified machine follows
a similar pattern for the different load angles considered. The
torque shows an initial increase particularly between 1µF and
40µF. However, it suddenly begins to decrease with a further
increase in the capacitance.
The changes in the torque developed by this machine as a
result of the modification were evaluated at different
capacitance and load angles. These are illustrated in Fig. 13
and 14.

Fig. 7: Logarithmic plot of PF versus capacitance at varying δ.

Fig. 8: Improvement in PF compared with the conventional machine

Fig. 11: Logarithmic plot of torque versus capacitance at varying δ

Fig. 9: Plot of the main winding current against the PF angle.

Fig. 10: Contour plot of the variation of the main winding current as a
function of capacitance and δ

Fig. 12: Comparative plot of torque against δ varying capacitance
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with the capacitor at different load angles were presented. In
addition the condition, as well as the possibility of unity power
factor over a wide range of load angles was shown.
With the known advantages and application area of
synchronous reluctance machine, the scheme discussed in this
paper should find acceptability particularly with better rotor
design options.
VI.
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Fig. 13: Change in torque against capacitance at varying δ
[2]
[3]
[4]
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Fig. 14: Change in torque against δ at varying capacitance

[7]

It became essentially obvious from the curves of Figs.12 - 14
that the relative improvement in torque of the modified
machine is at a load angle of 48º and higher. This
improvement is also observed to be more obvious at an
increased load angle. Furthermore, it can be seen from Fig. 8
and 14 that a high power factor (with the possibility of unity)
are obtained at the load angles that corresponds to the ones
where torque improvement is identified.
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V. CONCLUSION

[11]

The use of direct capacitance injection through an auxiliary
winding for the performance improvement of synchronous
reluctance machine has been demonstrated. The principle have
been explained using the field approach and the per phase
steady state equivalent circuit showing machine parameters.
The torque equation as obtained from the field approach
clearly suggest that for machine of the same dimensions, the
output torque of this machine at typical load angle is higher
than that of the conventional machine. The relative torque of
the modified machine is found to be particularly improved
only at load angle of 48º and higher.
Steady state plots that illustrate how the torque, power
factor, reactive power and input current of this machine varied
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